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ABSTRACT 
HIGH PERFORMANCE LATTICE BOLTZMANN METHOD YIELD-STRESS 
CALCULATIONS BASED ON INTRAVITAL IMAGES OF CLOT 
FORMATION IN LIVE MICE 
 
by 
Vishnu Deep Chandran 
Thrombo-embolic infarction is the major cause of mortality and morbidity in the United 
States, causing over 1 million strokes, heart attacks and other life-threatening thrombotic 
events each year in the United States.  Conversely, deficiencies in these processes result 
in severe bleeding risks. The ability to access hydrodynamics stresses at which thrombus 
structure is likely to embolize can provide insight into the thrombogenesis process. 
Interestingly, the viscoelastic behavior exhibited by the thrombus resembles that of a 
Bingham fluid - a material that behaves as a rigid body at low stresses but flows as a 
viscous fluid when the stress exceeds critical yield stress. Hence, we decided to measure 
the critical yield stress at which the thrombi yield (and possibly emboli). The fluid-
induced stresses are calculated via Lattice-Boltzmann fluid dynamic simulation based on 
in vivo microscopic images of laser injury-induced thrombi and simulation provided 
critical yield stress information. To our knowledge, this is the first image-based in-vivo 
assessment of blood clots viscoelastic nature. Furthermore, the outcome of our work can 
assist in creating simpler thrombogenesis models that can help improve the understanding 
of risk factors associated with blood clotting, and ideally help researchers to reduce risks 
of occlusion and embolism in patients. 
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Thrombo-embolic infarction is the major cause of mortality and morbidity in the United 
States. This assembly of platelet deposits and fibrin polymerization gives rise to over one 
million strokes and other life-threatening thrombotic events each year in the US.  
Conversely, deficiencies in these processes result in bleeding risks that confront surgeons 
on a regular basis.  Unfortunately, despite tremendous efforts in understanding 
thrombosis, what causes a thrombus to break apart is less understood. A thrombus 
deforms before it breaks. For this reason, knowing the extent to which a thrombus can 
resist deformation, i.e., the measure of stiffness, will provide information on when it is 
likely to break.  
For several decades, researchers have been extensively trying to estimate the 
viscoelastic properties to understand thrombotic events.  For instance, an in vitro study 
estimated the shear elasticity modulus and viscosity of a porcine blood clot using shear-
wave dispersion ultrasound vibrometry (Huang et al.). They estimated the shear elasticity 
modulus and viscosity of a thrombus based on shear-wave propagation speed for an 
applied acoustic force through the thrombus. Yet another work measured the elasticity 
modulus using shear-wave ultrasound imaging of a thrombus (Mfoumou et al.). They 
surgically induced a venous thrombus on jugular vein of a rabbit and monitored the 
thrombus properties in vivo.  In the world of biomechanics, stiffness is not a fixed 





In vivo a thrombus deforms under the influence of hydrodynamic force acting on it. 
However, the previous studies did not consider the deformation of a thrombus under this 
force and the direction at which the ultrasound was passed is not same as the direction of 
flow. It is to be noted that structural properties of naturally formed material are subjective 
to internal architecture and composition. For instance, bone has a high compressive 
strength, but a very low shear stress strength, because of the way it is naturally formed. 
Similarly, thrombi are heterogeneous material and the hemostatic response produces a 
hierarchical structure (Stalker et al.). The structural properties of thrombi will be 
directional in nature. The ability of thrombi to resist deformation will not be the same in 
all directions. Additionally, assumptions and approximations associated with using 
parametrize correlation to evaluate viscoelastic properties add a certain degree of error to 
the estimated properties. Thus, previous approaches of estimating viscoelastic properties 
of thrombi are not representative of the actual physiology of the process and neither can 
they provide information on when a thrombus might embolize.  To compensate, the 
viscoelastic properties of a thrombus have to be measured for the deformation along the 
direction of flow under hydrodynamics conditions. 
On the other hand, computer simulations of thrombogenesis are either limited to 
2-D or model only some aspects of the process, while omitting others for simplicity 
(Leiderman and Fogelson; Xu et al.). Thrombogenesis is a combination of the 
coagulation cascade consisting of a multitude of chemical reactions coupled with cell 
signaling, fluid dynamics and biomechanics. Therefore, the bottom-up approach taken by 
the conventional studies rely on calculating discrete platelet dynamics and are based on 





associated with bottom-up modeling. Remarkably, Intravital confocal microscopy is 
capable of providing information on thrombi structure with a single platelet resolution. To 
this end, by coupling intravital microscopic time-lapse images with CFD, one can bypass 
the generation of clot structure dynamics mathematically and avoid the pitfalls associated 
with bottom-up approach modeling. Thus, a combination of in vivo experiments, 
biomedical imaging and simulation will likely fill the void between the actual physiology 
of the process and inadequate experimentation.   
 
1.2 Objective  
Interestingly, the viscoelastic behavior exhibited by the thrombi resembles that of a 
Bingham fluid - a material that behaves as a rigid body at low stresses but flows as a 
viscous fluid when the stress exceeds critical yield stress. Hence, we decided to measure 
the critical yield stress at which the thrombi yield. 
 The overall aim of the research is to estimates the critical yield stress when 
thrombi yield under hemodynamic conditions and possibly emboli based on in vivo 










The schematic representation in Figure 2.1 shows the multidisciplinary investigation 






Figure 2.1  Schematic of the multidisciplinary approach implemented in this research. 
Source: Voronov, Roman S. et al. “Simulation of Intrathrombus Fluid and Solute Transport Using in vivo 









All experiments were performed at Dr. Lawrence (Skip) Brass’s Lab, Perelman School of 
Medicine, University of Pennsylvania. The experiments were performed in wild-type 
male mice, on procedures approved by Instructional Animal Care and Use committee 
(IACUC), University of Pennsylvania. The mice used in the study were of 8-12 weeks of 
age and a penetrating laser injury induced the thrombi in cremaster muscle 
microcirculations of the mice. Arterioles (diameter 30-40 μm) with unperturbed blood 
flow were selected for the study. A pulsed nitrogen dye laser (440 nm) focused using a 
microscopic objective induced vascular injury. Antibodies, anti-CD41F(ab)2, anti-P-
selectin and anti-fibrin were introduced in the blood circulation via the jugular vein. 
Antibodies were labeled with Alexa-fluor dye monoclonal antibody labeling kits, to aid 
visualization of thrombi structure. Figure 2.2 shows the difference between phase 
contrast and florescence imaging of blood vessel. Optical Doppler velocimetry to 
measure the centerline blood velocity in the mice. The velocity measurement was made 
in a region away from the thrombus such that velocity field was not influenced by its 
presence and velocimetry measured an average blood vessel velocity of 4.78 mm/s 
(Stalker et al.).  
 
 
2.2 Thrombi Imaging 
The fluorescently labeled antibodies seek specific proteins expressed by platelets. The 
CD41 is a membrane proteins that is expressed by fibrinogen receptors of platelets during 
coagulation. Whereas, P-selectin are adhesion proteins expressed primarily on activated 





of the sub-endothelial matrix, adhesion and activation of platelets takes place 
accompanied by the exposure of P-selectin. Thus, when CD41 and P-selectin are 
expressed the corresponding antibodies anti-CD41F(ab)2, anti-P-selectin emit florescence 
after being exited by solid-state lasers.   
 The cremaster microcirculations of mice were visualized using a spinning disk 
confocal microscope with a 60X objective. Solid-state lasers (488 nm, 568 nm, 640nm) 
were used as the fluorescence excitation light source. The region corresponding to CD41 
and P-selective expression were imaged. Confocal microscopic images were acquired 
using CoolSnap HQ CCD digital camera. Slidebook 5 image acquisition and analysis 
software was used to synchronize and control the microscope, confocal scanner, lasers 
and camera. events within this over time was determined (Suppl Fig 2A).  The thrombi 
growth were observed for period of 4 minutes.  The time-lapse images contained 
fluorescent channels of intensities, corresponding to fluorescence emitted by tracers 
marking different regions of the thrombus. The capture were stored in 16-bit grayscale 
Tagged Image File Format.  
      
Figure 2.2  Left to right, phase contrast and florescence imaging of blood vessel. 






      
Figure 2.3  Left to right, grayscale thrombus image showing fluorescence corresponding 
CD41 tracer at induction and after certain time, exported to TIFF format. 
 
 
2.3 Image Processing and 3-D Reconstruction 
The images of experiment were jittery in nature and were stabilized using Fiji plugins and 
an in house Matlab®. To achieve primary stabilization, all intensity channels were 
combined and stabilized using either StackReg or Image Stabilizer ImageJ plugin. The 
choice of plugin depended on the stabilization achieved. The StackReg plugin essentially 
align or match stack of image slices by using each slice as the template for the next slice 
(Thevenaz et al.), where as the Image Stabilizer plugin uses the initial slice in an image 
stack as the reference and estimates the geometrical transformation needed to best align 
each of the other slices (Li). Later the stabilization achieved on the combined stacks were 
applied to the individual all intensity channels. The in house Matlab® code read the 
translation from the combined image stacks and reapplied to the individual channels 





            Yet another in-house Matlab® code produced 3-D reconstruction of thrombi 
geometry and the blood vessel from the 2-D images. The code found the best orientation 
based on the fitting a bounding box on the thrombus (assuming the maximum bounding 
box length would be obtained when the clot was horizontally aligned) and additional user 
inputs that mark the blood vessel alignment. The code applies several morphological 
operations and segmentation techniques to segment the thrombi geometry. Assuming that 
area of the thrombus would be the largest, the noise from the image were removed. 
Manually drawn lines on the images masked the blood vessel boundary and helped 
measurer the blood vessel diameter. To obtain 3-D thrombus geometry from the 2-D 
measurement, a parabolic curve was fit in the direction perpendicular to blood flow on 
the thrombus edges by assuming a constant thrombus  height to width ratio measured 
from experiments (Stalker et al.). The thrombus geometry was attached to inner surface 
of a blood vessel. The blood vessel was constructed as a pipe using the measured blood 
vessel width as diameter and length three times the diameter of to avoid entrance effect. 
          
Figure 2.4  Left to right, the thrombus region and illustration of how parabola are fit on 









Figure 2.5  The 3-D reconstruction result. 
 
 
2.4 Lattice Boltzmann Method (LBM)  
Convective blood flow in the blood vessel was modeled using lattice Boltzmann method 
(LBM). LBM relies on the discrete Boltzmann equations to simulate fluid flow rather 
than Navier‐Stokes equations as in conventional CFD solvers (Chen and Doolen; Succi; 
Sukop and Thorne). LBM has computational advantage since it is 
massively parallelizable on high-end parallel computers (Kandhai et al.; Wang et al.), 
LBM techniques have been used in a wide spectrum of applications [turbulence 
(Cosgrove et al.), non-Newtonian flow (Boyd et al.; Gabbanelli et al.; Yoshino et al.), and 
multiphase flow (Swift et al.). More importantly, for the present application, LBM is 
especially appropriate for modeling the flow in the microcirculations of mice due its 
simplicity of reducing the particle velocity space to only a very few discrete points 
without seriously degrading hydrodynamics and ability to preserve the hydrodynamic 





 The Boltzmann equation is an evolution equation for a particle distribution 
function, which is calculated as a function of space and time (McNamara and Zanetti) as 
follows: 
( ) ( ),( ), ,f x e t t t f x t x t ff       
   
 (2.1) 
 where, x is position, t is time, ∆t is the time step, e is the microscopic velocity, Ω 
is the collision operator, f is the particle distribution function, 
eqf  equilibrium particle 
distribution function and ff is the forcing factor. The terms on the right hand side of 
Equation (1) constitute the three steps of the LBM algorithm, namely the streaming, 
collision and forcing steps. In the streaming step, the particle distribution function f at 
position x and time t moves in the direction of the velocity to a new position on the lattice 
at time t+∆t. The collision step subsequently computes the effect of the collisions that 
have occurred during the movement in the streaming step, which is considered a 
relaxation towards equilibrium. We use the single-relaxation time approximation of the 
collision term given by Bhatnagar, Gross and Krook (Bhatnagar et al.).  
1
( , ) ( )eqx t f f





 A custom in-house code (Voronov) was used for simulating the convective blood 
flow. The in-house code used in this work is a Fortran 90 code that was parallelized with 
Message Passing Interface (MPI). The three‐dimensional, 15-velocity lattice (D3Q15) 
was used to perform the simulations i.e., the particles can stream in 15 different paths 





make up the rigid wall. The fluid particle distribution is simply zero for all wall nodes, 
avoiding the need to use elaborate meshing techniques near the boundaries.  
 
2.5 Simulation Details 
A constant pressure drop was imposed across the channel and the pressure drop was 
estimated based on Hagen–Poiseuille equation using the centerline average blood 
velocity value obtained in vivo by the Doppler velocimetry. The no-slip boundary 
condition was applied at the wall faces using the bounce-back technique (Sukop and 
Thorne). Table 2.1 shows the input parameter used for the simulation. 
 
Figure 2.6  D3Q15 lattice representation. 
Source: Wang, Yan, et al. “Three-Dimensional Lattice Boltzmann Flux Solver and Its Applications to 










Table 2.1  Simulation Parameters. 
 
            Parameter        Value 
Kinematic Viscosity 0.03 [cm2/s] 
Density 0.99 [g/cm3] 
Forcing Factor (dP/L) 63034.36 [dyn/cm3] 
 
The simulation was considered converged when the average velocity varied less than 1% 
Convergence was monitored every 2000 LBM steps. Approximately 8000 LBM steps 
were required for full convergence. The average simulation runtime for each geometry 
for the corresponding time step on Texas Advanced Computing Center (TACC)’s 
Supercomputer, STAMPEDE, was 3.2 wall clock hours. The simulations were run using 
32 MPI processes on 2 nodes (16 cores/node). 
 
2.6 Shear Stress Calculation 
The shear stress was estimated following the scheme suggested by (Porter et al.). The 
blood was assumed to be Newtonian fluid and the shear stresses acting on the thrombi 








where σ is the shear stress tensor, ν the dynamic viscosity and U

 is derivatives of the 
the 3-D velocity vector. The derivatives of the velocity field is calculated using a 2nd, 
order accurate centered difference approximation. The 3×3 partials matrix for each point 
in the field was added to its transpose to produce a symmetric strain matrix. The 
eigenvalues of the symmetric matrix are found using the Jacobi method and largest 
absolute-value eigenvalue are used to determine shear stress. 
 
2.7 Validation 
To validate the model, the upstream wall stress value obtained from stimulation were 
compared to experimentally obtained value. The average wall shear value  from 
simulation was ~31 dyn/cm2, which is comparable with experimental value of 40 
dyn/cm2 from literature (Lipowsky et al.). 
 
Figure 2.7  The stress distribution across the pipe shows the wall stress value to be 








RESULTS AND DISCUSSION 
 
3.1 Thrombus Morphology Observation   
The in-house Matlab® code processed the in vivo images and extracted pixel information 
corresponding to that of the thrombus and its core. The fluorescence intensities measured 
for both anti-CD41 and anti-P-selectin, essentially give thrombus morphology 
measurements. The intensities corresponding to that of anti-P-selectin label the thrombus 
core.  Figure 3.1 shows the boundaries marking the core and rest of the thrombus. The 
post processing of images provided information such as the height, length, aspect ratio, 
and area of the thrombus and its core for every time step. The measurements were 
converted to scale by multiplying the values with the resolution at which they were 
captured (i.e., 0.267 microns per pixel). Figure 3.2 shows the typical evolution details of 
the thrombus and its core over time.  
 








   
 







    
      


























In order to compare all clots on the same time scale, we nondimensionaliztion the data.  
Nondimensional time was obtained by dividing the absolute time scale by the critical 
time at which thrombus attains maximum area. Once nondimensionalized, the resulting 
data collapses onto a single curve as illustrated in Figure 3.4 and Figure 3.5 shown a 
function of the nondimensionalized time, t*. It is observed that, although each clot seems 
different from the other, all thrombogenesis behavior looks the same when compared on a 
nondimensional scale.   
 Despite the underlying complexity, it has been observed that the thrombogenesis 
mechanism consists of several discrete regimes common to all blood clots (shown in 
Figure 3.4 and 3.5).  That is, after initial attachment, the thrombi experience uniform 
growth followed by a critical event that marks a transition from transient morphology to 
steady state stability. This sheds hope that a uniform theory of thrombogenesis can be 
developed that will describe all clotting events using a single analytical equation. During 
the critaical event, platelet mass from the upstream portion of the thrombus yields to the 
surrounding blood flow and rearranges to minimize drag on the clot   
 
3.2 Surface Stress Measurements   
Figure 3.6 shows a Tecplot visualization of velocity and surface stress distribution. The 
velocity and surface stress values were obtained from Lattice Boltzmann simulation at a 
constant pressure drop. The surface stress values varied from a minimum of ~ 6.31x10 
dyn/cm2 to a maximum of ~442.24 dyn/cm2.  Figure 3.7 shows the global average 






      
Figure 3.6  Tecplot visualization of blood velocity in the vessel and surface stress distribution on for the thrombus at time: 179.51 s. 
 
  









 To our knowledge, this is the first image-based in-vivo assessment of blood clots 
viscoelastic nature. Collectively, the outcome of this work is expected to provide insight 
towards an understanding of clot generation, its structure, stability, thromboembolism 
and coagulopathy.  Moreover, they can assist in creating simpler thrombogenesis models 
that can help improve the understanding of risk factors associated with blood clotting, 
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